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A Comparison of Three Perturbation Methods
for Earth-Moon-Spaceship Problem

ALI HASEN NAYFEH*
Stanford University, Stanford, Calif.

The limiting case of the restricted three-body problem, in which the mass of one of the
finite bodies is much smaller than the mass of the other, is of the singular perturbation type.
The first-order perturbation solution has a logarithmic singularity at the position of the
smaller body, and higher approximations are increasingly more singular. Three methods of
treating singular perturbation problems are compared as applied to this problem. Uni-
formly valid first-order solutions are obtained for the problem of a two-fixed force-center by
using the generalized method. It is shown that the generalized method gives better approxi-
mations than the method of inner and outer expansions and thus can be used for wider ranges
of the small parameter. Furthermore, the Poincare-Lighthill-Kuo (PLK) method is shown
to give incorrect results for the trajectory.

1. Introduction

THE limiting case of the restricted three-body problem, in
which the mass of one of the finite bodies (the earth) is

much larger than the mass of the other body (the moon), is
treated by perturbation methods for finite times. However,
the straightforward first-order perturbation solution is not
uniformly valid because it has a logarithmic singularity at the
position of the moon, and higher approximations are increas-
ingly more singular in the region of nonuniformity. Hence,
this problem is of the singular perturbation type.

This problem has been treated previously by Lagerstrom
and Kevorkian2'3 and Perko8 by using the method of matched
asymptotic expansions (the method of inner and outer ex-
pansions).1 Lagerstrom and Kevorkian obtained uniformly
valid first-order solutions for the problem of a two-fixed
force-center2 and the restricted three-body problem.3 Subse-
quently, Perko8 obtained a uniformly valid first-order solu-
tion for the restricted three-body problem using orbital
variables by applying the same method.

Here, we investigate two alternative methods of treating
singular perturbation problems: the method of straining of
coordinates (PLK method)4'5'9 and the generalized method for
treating singular perturbation problems.7 We will restrict our
considerations here to the problem of the two-fixed force-
center and compare our results with those of Lagerstrom and
Kevorkian.2

2. Formulation of Problem

A spaceship of mass m is moving in the gravitational field of
two-fixed mass centers. The mass Me of the earth is much
larger than the mass Mm of the moon. With respect to the
rectangular Cartesian coordinate system shown in Fig. 1, the
differential equations of motion are6

The nondimensional equations of motion are

where

- G

= & + y*

(Mm/fm)]

+ y* (2.1b)

d is the distance between the two mass centers, and G is the
universal gravitational constant.
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*x/dt* = -(1 - - l/rm
3)

where

x = x/d y = y/d

p, = Mm/Me + Mm « 1

t = l[d*/G(Mn + M,)]-1/

r = f/d

(2.2a)

(2.2b)

(2.3a)

(2.3b)

(2.3c)

These equations must be supplemented by initial conditions.
The initial conditions are chosen here to be identical to those
of Lagerstrom and Kevorkian2 in order to facilitate the com-
parison of their results and ours

x = 0 dy/dx = ~{ at t = 0
(2.4a)

(2.4b)h = -p2 p ^ 1

where h is the total energy of the spaceship.

3. Methods of Solution

Although the problem considered can be solved by quadra-
tures because of the existence of two integrals, we will use
perturbation methods, which can be applied to the restricted
three-body problem where only one invariant integral is
known.10 However, the straightforward perturbation ex-
pansion is not uniformly valid as shown below. If we inter-
change the roles of x and t, the initial conditions suggest
straightforward expansions of the form

t —

y =

Substituting (3.1) in (2.2) and equating coefficients of equal
powers of JJL gives

V/Zo'3 = 1/z2

V/V4) = (I/*2)

(3.2a)

- *)»] (3.2b)

(z/iYfc'2) - (fcV/<6") = -2/iA2 (3.2c)

Solving these equations subject to the initial conditions yields
2z)]1/2 (3.3a)



SEPTEMBER 1965 PERTURBATION METHODS FOR EARTH-MOON-SPACESHIP PROBLEM 1683

2 - p ;

P2(l - I

2_r_j:t>2> LI -
/2

In

2(1 - p2)3/2

- 2[x(l - P
2)(l -

X

1 - x

i = -co;

as 1

(3.3b)

(3.3c)

(3.3d)

From (3.3), it is seen that this straightforward expansion is not
valid when (1 — x) = 0(/i).

3.1 PLK MethodW

We will seek a uniformly valid solution by straining the
coordinate x. We let

(3.4a)

(3.4b)

(3.4c)

Thus,

X = S + jLUCi(s) + . . .

t = foGO + /AGO + . . .

(1 + yxi' -f- . . .)(V -f- }j.ti" + • • •)
W + A^l' + .. • -)3

dt*

(3.5a)

(3.5b)

where the primes denote differentiation with respect to s.
We substitute (3.4) in (2.2), equate coefficients of equal powers
of ju, and get equations for fo, tly . . ., and T/I? yz, . . ., . We deter-
mine the functions xn(s) such that higher approximations
shall be no more singular than the first. The solution will be
given in implicit form in terms of the parameter s.

However, there is no need for solving for ti(s) if we want
only a uniformly valid first-order solution. It is sufficient to
inspect the equation for ti(s) in order to determine Xi(s) such
that ti(s) shall be no more singular than fo(s).

3.2 Generalized Method7

First, we introduce a new additional, independent variable
77. Since the straightforward perturbation expansion breaks
down when 1 — x = 0(/z), and since we are interested in first-
order solutions, we let

77 = (1 - x)/fjL (3.6)
Second, the ordinary differential equations (2.2) are trans-

formed into partial differential equations of the two inde-
pendent variables x and rj. The functions of the independent
variable x which appear in the origin equations stay un-
changed except for those that reflect the nonuniformity. In
our problem (I — x) reflects the nonuniformity, and therefore
it is replaced by JUT? whenever it appears in the equations.

Third, we assume that there exist uniformly valid asymp-
totic expansions of t(x; M) and y(x; p) in the form

, 77)

where

t0(x, 77) tn(x, rj) yn(x, ij)

for all x and 77 where x is the domain of interest.

, . . (3.7a)

(3.7b)

< « (3.8)

Fourth, we substitute (3.7) in the transformed partial dif-
ferential equations of (2.2) and equate coefficients of equal
powers of JJL. We solve the resulting equations. The solution
will contain arbitrary functions of the independent variable x.
They will be determined either by imposing the condition
(3.8) or equivalently by requiring these solutions to reduce
to the straightforward expansions (3.3) far from the moon.

4. One-Dimensional Case

Consider first the one-dimensional problem in which the
spacecraft is projected from the earth to the moon with zero
total energy. Thus, the problem becomes

d*x/dt* = -(1 -
$(0) - 0 h = 0 (4.1b)

Integrating once and using the fact that the total energy is
zero gives

= (1 - MA) + (M/l ~ x) (4.2a)

t(Q) = 0 (4.2b)

The exact solution of this simple example is, respectively,

1
1/2

ds= ± Jo [(I - M) ~ (1 -2/0~J

for

dx/dt < 0 (4.3)

4.1 PLK Method

Let
t = to
X = S

[s) + . . . (4.4a)

+ . . . (4.4b)

Substituting (4.4) in (4.2a) and equating coefficients of equal
powers of ju leads to

l/s (4.5a)

(l/s) - (1/1 - *) (4.5b)
The solution of (4.5a) is

= -fs3'2 + (4.6)

where c\ is an arbitrary constant.
The first-order approximation ti(s) will be no more singular

than to(s) if the right-hand side of (4.5b) is annihilated. Thus,

(si'A/2) + feA2) + (l/s) - (1/1 - *) = 0 (4.7a)
Hence,

ol/2

- "3 s

Fig. 1 Coordinate system.
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Fig. 2 The time [T = (2)V2t] taken by the spaceship to
travel a distance x in the one-dimensional problem when

the total energy is zero, and M = 0.01.

where €2 is an arbitrary constant. In order that the straining
Xi be finite when s = 0, c2 must be chosen = 0. Using the
initial condition Z(0) = 0 leads to

21/2$ =

where

4.2 Generalized Method

Since the nonuniformity occurs when (1 — x) = 0(/x), we
introduce an additional independent variable 77 such that

17 = (1 - a?)//* (4.9)
thereby transforming the ordinary differential equation (4.2a)
into

110)

We assume that

where

(4.1 la)

tn(x,
for

0< ar 0 < 77 <

Substituting the series (4.1 la) in (4.10) and equating co-
efficients of equal powers of ju, we obtain

fa = 0 (4.12a)
xyi* (4.12b)

x)3/2 (4.12c)

The solutions of (4.12a) and (4.12b) are

2!% = A(x) (4.13a)

(4.13b)
where A(x) and jB(x) are arbitrary functions of x.

The condition that
for 0 < 77 <

A'(x) = z1/

B(x) = J^3/2 In/x

AIAA JOURNAL

(4.14a)

) (4.14b)
where C(x) is an arbitrary function of x. From (4.14a), we
obtain

A(x) = -l-x*>2 + a - (4.15a)
where a is an arbitrary constant. From (4.12c), we get

-^ x1'2 sinh-1 -2-2 \x (4'15b)

The condition (3.8) necessitates that

C'(x) = i z1'2 - f z1/2 In2 + fz/1/2 ln(x/l - x) (4.15c)
Hence,

— _!_ .v.3/2 _J_ rl/2- x x
1

3/2 ]

where c3 is a constant. Imposing the initial condition 2(0) = 0,
we find that

4
(4,6)

Since t(x, 77; ju) is uniformly valid, it must reduce to the
straightforward expansion far away from the moon. We can
use the previously stated condition to determine the arbitrary
functions A(x) and B(x) instead of the condition

, 77) for 0 < f] <

The straightforward perturbation expansion, i.e., lim21/2Z as
IJL ->• 0 and x fixed of (4.13a) and (4.13b) are

= A(x)

2i/% = - ~ x*1* (1 + Inz) + -| z3/2 X

-^ + 2 InS
M

(4.17a)

B(x) (4.17b)

The straightforward perturbation solution of (4.2a) is

=
O

0(M
2) (4.17c)2 1 -

Comparing (4.17a) and (4.17b) with (4.17c), we obtain

A(x) = |a;3/2 (4.18a)
7 1 1 + rc1/2

D ^ 1 — X

i l / 2
r3/2 •4 G-??-,) (4.18b)
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£3/2 ln^ + Qy+.s)1 /a" 0(M)2 (4.19)

which is exactly (4.16). The results of this section are
graphed in Figs. 2-4 for comparison with the exact integral
and the solution of Lagerstrom and Kevorkian2! for /* =
0.25, 0.1, and 0.01, respectively.

5. Two-Dimensional Case

5.1 PLK Method

Substituting (3.4) in (2.2) and equating coefficients of
equal powers of ^i, we get

C'/V3 = 1/s2 (5. la)

t- %V * 1
(1 - s)2

(3///V2) -
where the prime denotes differentiation with respect to s.
The solution of (5. la), subject to the condition h = — p2 is

21'2*, = (1/P3) - (1/P2) [«(1 - p2s)]1/2 + ci (5.2a)
where Ci is an arbitrary constant. The general solution of
(5.1c) is

2/i - c2s + c3[s(l - p2s)]1/2 (5.2b)

where 02 and cs are arbitrary constants. The first-order ap-
proximation ti(s) will be no more singular than Z0(s) if we
annihilate the right-hand terms in (5 Ib). Thus,

1 1
to'2

Xl = sin_w/2 _
a - s
2- p2

- 0 (5.3a)

2(1 - P2)3/2 V
- p2s 1/2

n

P2(l - P2)
(1 - p^)1/2 + [(1 - P2)*]1/2

/2 - [(1 -
(5.3b)

Fig. 3 The time [T = (2)l/*t\ taken by the spaceship to
travel a distance x in the one-dimensional problem when

the total energy is zero, and ju = 0.1.

f The right-hand sides of Eqs. (4.11) and (4.12) of Lagerstrom
and Kevorkian are missing the terms —(•§•)/* and (i)/u, respec-
tively, and these typographical errors have been rectified.

Fig. 4 The time [T = (2)V2t] taken by the spaceship to
travel a distance x in the one- dimensional problem when

the total energy is zero, and ^ = 0.25.

Examining equation (5.3b), we see that £i(0) = 0, and thus
x = 0 when s = 0, i.e., the straining vanishes at # = 0.
Using the initial conditions, we find that the solution is

= (1/p3) 172 - (l/p2)[s(l - p2s)]1/2 (5.4a)

y = —JJLCS (5.4b)
where

x = s +

1

1 - pW/2 . o — n2
p

- P2)

2(1 - p2)3
/I - p2S\

\ s /
l/2 (1 - p»g)l/2 + [(1

n (l - 2 - [(1 - p2)s]1/2J
(5.4o)

5.2 Generalized Method

Let

t = /

Mi/n(z, 77)

where

77 - 1 -

(5.5a)

(5.5b)

(5.5c)
By interchanging the roles of x and t in (2.2) and by replacing
(1 — x) with fjLrj and leaving the other x's as they are, we
transform the ordinary differential equations (2.2) into the
following partial differential equations:

[tx ~

(1 ~ (5.6a)

(1 ~

(i - (5.6b)

Substituting the series (5.5a) and (5.5b) into (5.6) and equat-
ing coefficients of equal powers of ^ gives

hr, = 0 (5.7a)
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Fig. 5
travel

The time [T = (2)l/2t] taken by the spaceship to
i distance x in the one-dimensional problem when

the total energy is — f, and M = 0.1.

2/i2)3/2] = 0 (5.7b)

ydim, - 0 (5.7c)

The solution of (5.7a) is
21/2 to = A(x) (5>8a)

where A (x) is an arbitrary function of x. The straightforward
perturbation expansion^of (5.8a) must give (3.3a). Thus,

[x(l - p2x)]1/2 (5.8b)sn

Manipulation of Eqs. (5.7) gives

1 + ym2
(5.9a)

(5.9b)

where B(x) and C(x) are arbitrary functions of x. The solu-
tions of (5.9) are

i
(5.10a)

Fig. 6 The time [T = (2)l/*t\ taken by the spaceship to
travel a distance x in the one-dimensional problem when

the total energy is — J, and ju = 0.25.

Fig. 7 Trajectory of the spaceship for the case c
and M = 0.1.

*(^-B\ T]B

sinh"1 2B
(2BC* -!)(!+ 2BC2)1/2

/^i . ! , C* Y/2177 I 1 + — + —— 1 H

(•+£)
where D(x) is an arbitrary function of x. The condition that
[h(x, rj)]/[tQ(Xj 77)] is bounded for 0 < 77 < (a/At), a = maxo;
on trajectory, requires that

) - 0 (

B(x) = 1 -

The straightforward expansions of (5.10a) and (5.10b) must
give (3.3c) and (3.3b), respectively. Hence,

C(x) = c[2x(l - p2z)]1/2 (5.12a)

D(x) = - 4 sin-W2 + l~ p2
2. ( X

 2 )1/2 +p3 p2(l — p2) \1 — p2x/
3/2 1 3/2 I I - X

X<ln———
I M

2 In2 + ln- +
I

- P
2o;)2]1/2j ' 2(1 - X

- 2p2):r -
1 - x

Therefore,

2c(l -y =

1 + i (5.13a)

- — sn —,
P2

X

4c2(l
E(x, r?) 1 / x \3/2

^ ? - , - — — — - - -r- '————— r ) X— p2a;)2 — 1 2 \1 — p2o;/

sinh"1 2(1 - p*x)E(x, 77)
o;[4c2(l - 4c2(l - (5.13b)
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Fig. 8 Trajectory of the spaceship for the case c = J,
and ju = 0.25.

where

E(x, 77) = -4c2(l -

77}! + [

- 2c'2x(l

(5.13c)

Here the positive and negative signs are taken for the
motions toward and away from the moon, respectively. The
results of this section are shown in Figs. 5-8 for comparison
with the exact solution10 and the solution of Lagerstrom and
Kevorkian2 for c = 0, p2 = -§• and c = -§-, p2 = -|-; respectively.

6. Conclusion

The PLK method gives divergent trajectories, as shown in
Figs. 7 and 8, although it gives excellent results for the one-
dimensional case. The reason is that the one-dimensional
problem has a singularity at x = 1 + [/*/(! — P2)] + 0(M2)>
which is outside the domain of interest 0 < x < 1. The strain-
ing of x moves the singularity from x = 1 toward its right
position 2 = 1+ [M/(! — P2)] + 0(/z2). On the other hand,
the singularity in the two-dimensional case is not, in general,
within a distance of 0(ju) from the artificial singularity x = 1
of the straightforward perturbation expansion. Furthermore,
there is a sharp change in the direction of the angular momen-

tum after moon passage, as seen from the exact solution in
Figs. 7 and 8. Thus, the straining, which is of O(M), cannot
push the singularity from x = 1 to its right position and can-
not produce the sharp change in the angular momentum
direction.

The generalized asymptotic method (GAM) gives closer
approximations to the exact solutions than the method of
matched asymptotic expansions (MMAE), as seen in Figs.
2-8. The reason is that, in minimizing the error, the inter-
mediate region is not treated equally with the outer and inner
regions if we use the method of matched asymptotic expan-
sions. On the other hand, the whole domain is treated equally
well when we use the generalized asymptotic method. Thus,
the generalized method can be used for wider range of the small
parameter /JL. The problem considered here has two other
nonuniformities, one when t is large and the other when
P= 1.
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